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Abstract 

Functional limit theorems for scaled occupation time fluctuations of a sequence of generalized 
branching particle systems in K d with anisotropic space motions and strongly degenerated 
splitting abilities are studied in the cases of critical and intermediate dimensions. The results 
show that the limit processes are time- independent measure- valued Wiener processes with 
simple spatial structure. 
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£f) ■ 1. Introduction 

Consider a kind of generalized branching particle systems in R d . Particles start off at 
time t = from a Poisson random field with Lebcsgue intensity measure A and evolve 
independently. They move in M. d according to a Levy process 



£ = {£(*), t > 0} = {(&(*),&(*). • ■ • , &(<)), t > 0} 



with independent stable components as in [T7], i.e. for every < k < d, £fc = {£&(£), t > 0} 
being a symmetric evfc-stable Levy process and £i, • • ■ ,£<j independent of each other. In 
addition, the particles split at a rate 7 and the branching law at age t has the generating 
function 



g (s,t)=[l-—)+e-» Y , 0<8<1, t>0. 

Intuitively, in this model, the particles' movement in different direction is controlled by 
different mechanism and their probability of splitting new particles declines with the rate 
S as their ages increase. It is easy to see that when 6 — 0, this model is similar to a 
classical (<i, a, /3)-branching particle system with /3 = 1 except that the moving mechanism 
is the anisotropic stable Levy processes £ rather than a symmetric a-stable Levy process. 
Li and Xiao [14] called this model as a (d, a, 6, 7)-degenerate branching particle system, 
where a := (ax,-- - , 0.4). Let a := J3 fc _ 1 1/cKfc. When a > 2, a — 2 and a 6 (1,2), the 
corresponding dimension of the space is referred to as the large dimension, critical dimension 
and intermediate dimension, respectively. 
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Motivated by the work on occupation time fluctuations of classical branching particle 
systems and the work on construction of anisotropic random fields (see, for example, p]), Li 
and Xiao [T3] explicitly studied the functional limits of occupation time fluctuations of the 
models. Observe that a fixed (d, a, 6, 7)-branching particle system with S > will go to local 
extinction as time elapses because of the sub-critical branching laws at positive ages. They 
[14] borrowed the idea of nearly critical branching processes (see [12] US] [18] ) and considered 
a sequence of (d, a, 6 n , 7)-models with 5 n — >• as n — > oo. More precisely, let N n (s) denote 
the empirical measure of the (d, a, 5 n , 7)-degenerate branching particle system at time s, i.e. 
N n (s)(A) is the number of particles in the set A C R d at time s. They studied the limit of 
a sequence of scaled occupation time fluctuations, 



where F n is a scaling constant and 

-S„s 



n I 



X n (t) = -J- / (N n (s) - /„(s)A)ds, (1.1) 
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Ms) := f n (s)e- d - s := 1 + — V(l " e"^^ 8 ) e" d " s , (1.2) 

L 7 - On J 

under the assumption nS n — > 9 G [0, oo) which is referred to weak degeneration, and proved 
that in the cases of critical and intermediate dimensions the limit processes have complicated 
temporal structures and in the case of large dimensions, the limit processes own simple 
temporal but anisotropic spatial structures. 

The purpose of this paper is to continue the discussion of functional limits of (|1.1[) under 
the assumption that n K 8 n 4 ^ £ (0, oo) for some K £ (0,1), which is referred to strong 
degeneration. We focus on the cases of critical and intermediate dimensions in this paper. 
The main methods used in this situation is same as that in Li and Xiao |14j . which was 
formulated and developed by Bojdecki et al in their serial papers ([2]-[S]), except some 
complexities and differences from the strong degeneration. We find that the limit processes 
in any positive time interval are time-independent measure-valued Wiener processes, which 
always have the form CA£, where £ is a standard normal random variable, A is the Lebesgue 
measure in M. d and C is a non-random constant. By comparison with the corresponding 
results in Li and Xiao [14], the current limit processes are simpler (please see Remark 2.1 
in Section 2 for more details). To save the space of this paper, we leave the study on 
the case of large dimensions elsewhere because the potential limit processes deserve further 
investigations. In addition, we remark that there are few results under the assumption that 
S n — > and n K S n — > oo for any k > 0. 

There is much literature related to the field of fluctuations of branching particle systems. 
Iscoe [11] studied the single time limit theorem of occupation time of the (d, a, (3)- super- 
process which in essence is the limit process of the classical (d, a, /3)-branching system, and 
got different limits depending on the relations between d, a, f3. Hong [16] also considered 
the superprocess case and proved the convergence of finite-dimensional distributions of real 
processes without the tightness for a fixed test function. Recently Bojdecki ct al in their 
series of papers, such as [2]- [7], studied the functional limits of occupation time fluctuations 
of a fixed classical (d, a, /3)-branching system which is different from the setting in Li and 
Xiao [TJ] and this paper. For more literature we refer to [HHHE)] and the references therein. 

Without other statement, in this paper, we use K to denote an unspecified positive finite 
constant which may not necessarily be the same in each occurrence. In addition, since this 
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paper and [14) discuss the same branching systems in different assumptions, in order to 
shorten the length of this paper, we will omit some common inferences and calculations and 
refer to [H]. 

The remainder of this paper is organized as follows. Section 2 contains the main results 
of this paper and some auxiliary results and formulas used in the proofs of the main results. 
In Section 3 we prove the main results. 



2. Main results 

Consider a sequence of (d, a, S n , 7)-degenerate branching particle system. The particles' 
spatial movement is described by £„. We assume that {£„,n > 1} is a sequence of identi- 
cally distributed Revalued Levy processes with a^-stable components (1 < k < d). The 
distribution of is completely determined by its characteristic function 

E Li(z,U(t))\ = e -*X:2=il«*r* J ze m d . (2.1) 



Obviously, for any n > 0, is a time-homogeneous Markov process on M. d . Since £ ra has 
the same distribution for all n, we denote its semigroup by {T t }t>o, i-e., 

T s f(x) := E(/(£„(t + 8))\S n (t) = x), 

for all s,t > 0, x £ M. d and bounded measurable functions / on M. d . In order to avoid 
misunderstanding, in case of necessity we write T s f(x) by T s (/(-))(x). 

In this paper, we always let N n (t) be the empirical measure of the (<i, <S, <5„, 7)-model for 
every n > 1. From Section 2 in Li and Xiao [14) . we know that the scaled occupation time 
fluctuations of (d, <S, <5„, 7)-modcls arc defined as follows. 

^ fTlt 



(X n (t), 0) = — / (N n (s) - f n (s)X, 0)da, (2.2) 

*n Jo 

for every (f> G 5(R d ), the space of smooth rapidly decreasing functions, where F„ is a 
suitable scaling parameter, / n (s) same as ()1.2[) and (/.t, /) = J /d/i for any measure /x and 
any integrable function / on fi. Furthermore, 

E({N n (s),(P}\No - e x ) = f n (s)T s 4>{x), (2.3) 

for all n > 0, x £ M. d and </> £ S(R d ). Here e x denotes the unit measure concentrated at 
x £ R d . 

Below, we assume that there is a constant 9 £ (0, co) such that n K 5„ — > 9 for some 
k £ (0, 1) as n — > oo. Let (f>(z) (z £ W 1 ) be the Fourier transform of function <f> £ L(M. d ), i.e., 
4>(z) = J Rd e ll ~ x ' z ' ) 4i(x)dx, a 1 ndS'(R d ) the dual space of S (R d ). Recall that a := (ai,--- ,ad) 
and a := 2fe=i ^/ a k- The main results of this paper read as follows. 

Theorem 2.1 When a = 2, let F% = n K \nn. Then for any e > 0, X n Ci\( in 
C([e, 1], 5'(IR rf )) as n — > oo, where ( is a standard normal random variable and 



C = / 2 ^ K f 1 d 

1 Y 9(2n) d J Rd (l + Etil^l Qfc ) 3 V ' 
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Theorem 2.2 When 1 < a < 2, let F% = n ^ & ^ . Then for any e > 0, X n => C 2 \( in 
C([e, l],5'(R d )) as n — > oo, where ( is a standard normal random variable and 



Co 



7 -pr r(l/o fc ) f 00 d , Z" 00 fl , r e Ss d 



\ ^ fc=i afc •'O •'O (u + v- 2s) 



Remark 2.1 (1) Compared with the corresponding results in the case of weak degeneration 
(see [Ml Theorem 2.1, Theorem 2.2 and Remark 2.1]), the limit processes are simpler in the 
temporal structure. 

(2) Though Li and Xiao [33] pointed out that their results under the case of a = 2 can be 
strengthened to the weak functional convergence in C([0, 1], S'(R d )) by a lengthy and tedious 
method, due to the strong degeneration, in this paper, we can use a relatively simple way 
to get the weak convergence in C([e, l],<S'(R d )). 

(3) Note that X n (-) e C([0, l],<S'(R d )) and X n (0) = and that X is a non-zero time- 
independent measure-valued Wienner processes. X n does not weakly converge to X in 
C([0, l],S'(R d )) because the limit of X n in C([0, 1], S'(R d )) must be continuous and its 
initial value has to be a.s. 

(4) For the case of large dimensions a similar result holds, i.e., if a > 2 and F% = n K , 
then, for any e > 0, X n => X in C([e, l],<S'(R d )) as n — > oo, where X is a centered time- 
independent Gaussian process valued in 5'(R d ), with covariance function 

Cov((X(s)^ 1 ),(X(t)^ 2 )) 



0(2ir) d 



(j)i(z)4> 2 (z)dz. 



It is also interesting to study the properties of the limit processes. We will discuss these 
problems elsewhere. 

For the convenience of reference, at the end of this section, we collect some formulas and 
results as follows. 

Lemma 2.1 ( JTJ\ Remark 2.3]) Let z = (z\, ■ ■ ■ ,Zd)- For any {au > 0, k = 1, • • • , d}, if 

< r < a, then J [Q1]d ^ |T , Qfc dz < oo, and if r > a, then J Rd \ [01]d f^-j^-p^dz < oo. 

Therefore, if t(z) is bounded and J Rd r(z)dz < oo, then J Rd „ d T ^ rafc dz < oo, for all 
r G (0, a). 

Let cj>i, 4>2 and <p3 be functions from R d to R, bounded and integrable. Then 

1 



Mx)Mx)dx = —— 2 / <j) 1 {z)<i) 2 {z)dz, (2.4) 

( Z7r ) JR d 

(the Planchcrcl formula). Furthermore, if </>i and <f> 2 are integrable, then 



4>i(x)4> 2 {x)<j)3(x)dx — . / (j>i(z)(j) 2 (z 1 )(j)3(z + zi)dzdzi, (2.5) 

• (2n) Zd J R 2d 

(the inverse Fourier transform), and that, by the Riemann-Lebesgue Lemma, </>i(.z) is 
bounded and goes to as \z\ — > oo. 
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Since components of £ are symmetric stable Levy processes and independent of each other, 
for any t > 



<j>i(x)T t (j)2(x)dx = / (j) 2 (x)T t (j) 1 (x)dx, (2.6) 

jR d JR d 

and 

T^ 1 (z) = Mz)e- t ^^ ak . (2.7) 

3. The proofs of main results 

First of all, we define a sequence of random variables X n in ^'(IR^" 1 " 1 ) as follows: 
For any n > and ip g S{M. d+1 ), let 

(X n ,1>) = / (*„(*), V(-,t)>dt. (3.1) 
Jo 

In order to prove the main results, as what Bojdccki et al did in their serial papers ([2]- [5]), 
we need show the following facts. 

(i) (X n ,ip) converges in distribution to (X,ip) for all ip £ tS(R d+1 ) as n — > oo, where X n 
and X arc defined as (|3.1|1 and X is the corresponding limit process. 

(ii) For any given e > 0, {(X n , </>), n > 1} is tight in C([e, 1]) for all 4> g SQR d ), where the 
theorem of Mitoma [16] is used. 

As explained in Bojidecki et al [2] , (i) will be proved if we show that 

lim E(e-<*"'*>) =exp{J / [ Cov{(X(s),if>(; s)), (X(t),if>(;t)))dsdt), (3.2) 

for each non-negative ip £ <S(M d+1 ). 

Below, we state the proof of Theorem 12.11 in detail. Since the proof of Theorem 12.21 is 
similar and easier, we omit it. 

Proof of Theorem 12.11 To prove (|3.2p . we assume ip(x,t) = (j)(x)h(t), where <f> e S(M. d ) 
and h g <S(R) are arbitrary given nonnegativc functions. For general ^, the proof is the 
same with slightly more complicated notation. 

Now, we recall some formulas from Li and Xiao [14] as follows. 



S( e -<*»'*>)=exp{ / dx f n {s)T s tp n {x, s)ds - [1 - H n ^ n {x,n,Q)]dx\ 

[J n ,^„ (x, n, 0) - V n ^„ (x, n, 0)}dx \ 
i ) 



■ exp 



■■exp{li(n,t/j n ) +h(n,ipn) + h(n, ^n)}, (3.3) 



where 



h{n,i> n ) = ± dx e- d - s V^ n (x,n-s,s)ds, (3.4) 



h{n 1 ip n )= I dx I e 6n8 ip n (x, s)V n ^ n (x, n - s, s)ds, (3.5) 



R d JO 

pn 

5„s r 



f*n—8 

h(n,'4> n ) = S n I dx I e~ dnS ds I e^ nfU x n ,i ln (x,u,s)du. (3.6) 

lR d JO Jo 
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Here 



i - s ~ r 

4> n (x,s) = —<j>(x)h(—) and h(s)= / h(t)dt, 
K n J s 

V n ^ n (x,t,r) = l-E x (exp{- f (N n (s), ip n (-, r + s))ds}) 



and 



In addition, for any x £ M. d and t, s > 0, from Li and Xiao Q3] we still have that 



Xn .^(x,u, S ) = E x \(l-e-fo^^)^)^)^ n (u),s + u) 



V n ,^„{x,t,r) < / f n (s)T s i() n (-,r + s)(x)ds =: J n ^ n (x,t,r), 
Jo 



(3.7) 
(3.8) 

(3.9) 
(3.10) 



and that 



J n ^ n {x,t,r) -V n ^ n (x,t,r) = S n J e SnS T s (J e 7tl Xn(-, u, r + s)duj (x)ds 



+ f c- 5 - s T s ^ n {-,r + s)V n ^ n {-,t - s,r + s)}(x)ds 



2 ' ° 



-S„s 



T s V n,i> n (x,t-s,r + s)ds. 



(3.11) 



Below, we discuss the limits of I\(n, ip n )i Iiin-, tp n ) and Is(n, ipn), respectively. We remind 
that for alH > and y = t H z, where H be the d x d diagonal matrix (l/otk)i<k<d, 

dy = t 2 dz. 

Step 1 We are going to get the limit of Ii(n, ip n ). From (|3.4p . we get that 

h(n,ip n ) = Iu(n,il)„) +Ii2(n,'0„), (3-12) 

where 

(3.13) 



Ix 1 (n,tp n ) = - / d.T / e " s J„^(x, n- s,s)ds, 
1 JWi d Jo 



h2{n,ip n ) = 77 / dx e nS {V n ^ (x, n - s, s) - J„ ^ n (x, n - s, s))ds. (3.14) 



We first consider the limit of I u (n,i(j n ). Substituting (fl~2|) . ([3~7l> and (|3~T0| into (f3~T3]) . 
we get that 



n 3 j2 f 1 



Jo 



-n5 n s 



ds 



f n (nu)e nSnU h(s + u)T nu cf)(x)du 



dx. 



Furthermore applying ()2.4j) . (|2.6|) and (|2.7[) to the above formula, and noting that f n (u) 
converges uniformly to 1 as n — > oo, we derive that 

fl-S 



hm hi(n,ip n )= lim ^ / C - n5 " s ds 

n->oo n->oo 2F£ Jq 



- nS ™ u h{s + u)T nu cj)(x)du 



t J^L /V ra< W S I |0(z)' 2 



-n(«-«)(«»+i:J=il**l"*)/i( u )dt 



dz 



dx 



(3.15) 
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Substituting h(u) = J h(t)dt and F% = n K \nn into (|3 . 15[) . by changing the integral order 
we obtain that 



lim Ii 1 (»,^ n )= lim { ^ [ h(r)dr f h(t)dt fV^ds / |£(*)| 

(i _ e -n(rs)(6 n +Y;i =1 - e - n (*- s )(*»+£k=i i**r fc )) 



2 



dz 



} 



W nt r,t,a( x ) 



= lim 7^1 /"V) dr f h W dt r e -^ Wn ^ AnK6n) ds, (3.16) 
«^oo (27r) d J J J In n 

where for any cc>0, 0<i<r<l and s > 0, 

J Rd |0(z)| 2 $(a,«,n 1 -' , r,n 1 -' , t,n' e X)fc=i l^| Qfc )n 2K dz, s < ji 1 ^; 
0, s > 

and for any x > 0, s, it, u, y G [0, oo) 

(1 _ e -( tt - s )( 3: +y))(i _ e - (a-H/)) 

$(x, s, u, u, y) = ? — ■ — ^ . 

[x + y) 2 

Let 

r ^ n (l - e -nY:Ui\zk\ ak )2 

w ( n ) = / \<K*)\ 2 ,^ d , , ^ dz - ( 3 - 17 ) 
« d (E*=iW afc ) lnn 

It is easy to see that 

W n ^ t , s (n K S n )/\nn < W(n) 

for all (r,t,s) G {0 < t < r < 1;0 < s}, where we use the decreasing of (1 — c~ r )/r on 
r G (0,+oo). Furthermore, applying L'Hopital's law, we obtain that 

r ~ n _ c -«ELii^rM c -«5:fc = ii^r' 1 

lim W(ri)= lim / 2n|</>(z)| 2 ^ 5 ^ dz 

= 2|0(O)| 2 / ; ^dz < oo, (3.18) 

and hence {^(n)} is bounded. Therefore, the dominated convergence theorem plus the 
convergence of n K 8 n — > 9 yields that if 

W n , r ,t, s (n K 5 n )/]iin^2K [ ^r^r ~^y, a.s. (3.19) 

on (r, t, s) G {0 < t < r < 1, < s}, then 

hiM n )^P^ [ 't (0) | 2 dy fc(r)dr f fc(t)df /°° c" e M s 

(27r) d y R - (i + ELi l2/fcl Qfe ) 3 -A) -/o 7 

= 7u^f 7 W^, , ^x)dx f h{t)dt) . (3.20) 

6 , (2 7 r) d 7 Rd (i + | yfc |"fc)3 \y Rd ,/ / 

Below, we prove (|3.19[) . To this end, by the mean- value theorem and using the substitution 
y = Q n z := (n K ) H z we have that 

\W ni r it ,s(xi) ~ W n ^ t ,s(x2)\ 

0, s > n 1 - K t 1 
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for any X\,x% > 0, where # £ [xi,X2). Note that 



fe=i 



= (^ + EtilJ/fcl afc ) 2 

+ (^ + Etikl Qfc ) 2 

2(1 - e-( Ill "" r - s )(' 5+ £^=i l^l Qfc ))(l - e -(™ 1_ "*-")(i'+Efc=i l^l° fc )) 

We have that for any given 1 > r > t > and s > 0, there exists iV > such that for all 

n > N, 



\Wn,T,tAxi)-Wn,T,tA x 2)\<\xi-x 2 \ / \cf>(Q- 1 y)\ 2 Z n ('&,r,t,s,y)dy, (3.21) 

where 

w ,,, ri = _ I __ + > L_ 

( n l-«t _ s ) e -(« 1 l!/fe| afc ) 
+ #2 • 

Because for any given r, i, s and sufficiently large n, J Rd Z n {d, r, t, s, y)dy equals 
1 

tf 5 



n 1 K r — s n 1 K t — s 



} -T, d k =i\yk\ ak d y + / d „ 

(0 + ELi\Vk\ a *) 3 



which is bounded for sufficiently large n, from n 1 K S n — > £ (0, +oo) and (|3.21[) . we obtain 
that as n — > oo. 

|W„, rit , s (n 1 - K J n ) - W„, r , M (0)| 0, (3.22) 
for any given (r, t, s) € {0 < t < r < 1, < s}. Therefore 

.. W n , r ,t,s( nl ~ KS n) v W n , r , t ,M y dW n , r ,t,.(0) ,„ OQ , 

hm : — L ; = hm = hm n ^ , (3.23) 

n-s-oo inn n->oo In 71 ri-s-oo on 

where we use L'Hopital's law at the second equality. Note that for any (r, t, s) £ {0 < t < 
r < 1, < s} and sufficiently large n 



dW n , r ,t,.(6) _ /" ,2/ M 2 ^(^»s,n 1 -' t r,n 1 -%n«Efc=il^r ,e ) 



n ^ = n 



l<^)l 2 y ' ' 1 ^ dz 



3n Ld dn 
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which, by direct calculations, equals 

~ d 
/ (|0(z)| 2 ((l - K )9n 1 - K r + (ji 1 -^ - ns)n R V \z k \ ak ) 

x y —j \n 2K dz 

(0 + n*ELi\zk\ ak ) 2 J 

P d 

+ / {${z)\ 2 {{\-K)6n l -H+{n x -H-Ks)n K Y,\ z k\' Xk ) 



fe=i 

e-(n 1_K t-s)(e+n K ELi l**l afc )(l _ e-(™ 1_ '' , - s )( e +"' t 5:Li M a ")) . 
x \n 2K dz 

Nl2 2^(l-e-(" 1_Kr - s )( e +" K 5:^il^l° fc )) 

kHz) — * 

(9 + n«Et 1 W ot ) 8 
(1 - e-t^-t-JCfl+n- ELi l**r*)))n 2 Mz. 



Now substituting y = (n K ) H z into the above formula and letting n — > oo, we get that for 
any given r, i, s, as n — >• oo, 

A- (0 + EtiN *) 3 
= 2*#(0)| 2 / 1 - dy, 

which is the desired formula (|3.19p . 

To study the limit of Ii 2 (n,ijjn), we first observe that from (|3.9[) - p.ll[) . 

Jn,i, n {x, n-s,s)- V^ n (x, n-s,s) 

pn—s , pn—s—u 



< 2 



S n e- 5nU T u U e-^Xn,^(-,«,* + u)d»)(x)du 



'0 x JO 

+ I e~ 5nU T u (^) n (-, s + u)J n ^ n (-,n - s - u, s + u))(x)di 



n — s 



2 /„ 6 



5nU T u Jn w, {x,n — s — u,s -\- u)du 



Jn.ip n (*£? ^ 



2J, 



,i, n (x,n - s,s)(l 121 (n,i() n ) +/l22(n,V'n) +A23(n,V'n)V (3.24) 



Let 



Ii2i(n,tp n ) :=7 / dx e 5nS J n ^ n (x, n - s, s)I 12 i(n, ip n )ds, (3.25) 
JK 1 ' Jo 

Ii22(n,ip n ) ■=! dx e~ SnS J n ^ n (x,n- s,s)I 122 (n, ip n )ds, (3.26) 



Ii23{n,tp n ) :=7 / dx e nS J n ,^ n {x,n - s, s)Ii 23 (n,ip n )ds. (3.27) 
From Li and Xiao [H (3.45), (3.47) and (3.48)] we derive that 

/i2i(n, VVi) < — : ! Vr- r ii( n 'V , n), (3.28) 

7(7 - On) 
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and that 



Kn f 1 -nS SJ f felt 1 - C- n ^t=i ^ k ) 2 \${z')\dzdz' 



M^)<w e-^ds - ' ' ZV >1 ; (3-29) 



x l . , , - ' \</>(z)Mz')\\<l>(z + z')\dzdz'. (3.30) 

(Efc=i W\ ak Y 

Firstly, since 5 n -)• 0, from (j3~20|) and ([3728]) it follows that 

Wn,Vn)->-0. (3-31) 
Secondly, applying the fact F 2 = n K In n to (|3.29|) we get that 

Since n K (5„ -> 6> e (0,oo), from ([3Tf)l . (|3~T8)) . (f3732]) and Lemma [Owe derive that 

W«,Vv>) ->-0. (3.33) 

At last, using the fact F% = n K lnn again, from (|3.30[) we get that for some constant 
K > 0, 

K f 1 - c~™£fc=i l z fc+ z fcl Qfc l _ e -"SLi l z <= 



n K 8 n n% (Inn) 3 / 2 7 R2ti £* =1 | Zfc + ^ |a* |^|a* 

, '-\<p(z)M{z')\\<P{z + z')\dzdz' . 

(Etil^h) 2 

Furthermore, by using the inequality 1 — c~ x < x K / 8 for x > we have that 

K f ${z + z')\ 



^123 (HjV'ti) < 



i^„(lnn)3/ 2 7 K2d (£^ =1 | Zfc + 4|« fe )l-«/8 (£^ =1 |^|a k )l-«/8 



(ELiM q *) 2 - k/4 

Since a = 2, from Lemma 12.11 we know 

|?(z)| 2 



dzdz'. (3.34) 



R d (Etil^l" fc ) 2 - K/4 



dz < 



and hence by Holder inequality, 

1^011^ + ^)1 



dz' 



(Etil^ + 4l afc ) W8 (Etil4l Qfc ) 1 - K/8 

is bounded for all z £M. d . Therefore 

■/*« (Eti I** + 4l Qfc ) 1 " K/8 (Eti l4l Qfe ) 1 - K/8 (Eti M afc ) 2 " K/4 



-dzdz' < oo. 
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Hence, (|3.34j) and the fact that n K 6 n — > 9 G (0, oo) imply that asn^ oo, 

Ii23(n,ip n ) 0. 

Consequently, from (j3~24>(i3~3Tj) . ([3~53"1) . (j3~3"5|) and ([3~T4]) we have that 

Ii2(n,tp„) -> 0. 

Combining (|3.20j) and (|3.36|) with (|3.12j) we derive that as n — > oo 

hM n ) -> / - d dy ( / ^)dx /\(t)dt) : 

Step 2 We are going to get limits of -^(n, VVi) an d ip n )- Let 
l2{n,il) n )= j dx / e~ 6nS tp n (x, s)J n ^ n (x,n - s,s)ds 



JO 

i>n—s 

e~ SnS ds f n (v)dv I tp n {x, s)T. v ip n (x,s + v)dx. 

o Jo 



From (I3~5l) and (|3~TU|) . it follows that 

h{n,ij) n ) < I 2 (n,if) n ). 
Furthermore, by ([L2]) . (|2~4|) . (|2~7| and (|3~7| . there exists X > such that 

h{n,il) n )<-Ev c- s " s ds dv \$(z)\ 2 c- v ^=^ z ^ k dz 

Jo Jo Jm d 

\4>(z)\ 2 dz f C - nS " s nds [ C - nv ^i=^ Zk ^ k ndv 



n JO 

K_ ' 

-i jo Jo 

<^f \m dz [\-^ 

\otk 



Since a = 2 and F 2 = n K Inn, (|3.40p and Lemma \2 . 1 1 imply that 
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J 2 (», V«) < / Jf (Z ^ , dz / e-*" a »'d* 0. 
Inn Vr* Yl=i \ z k\ a " Jo 



To get the limit of I^(n^ n ), we let 



n — s 



I 3 (n,^ n ):=S n / e" d " s d S / e^du 
Jo Jo 

x / E x ( ip n {£n{v),s + v)dvip n (£ n (u),s + u))dx. 

jR d X Jo ' 

Then by (|3T6]) . ([3T9|) and ([3T42]) . we have that 

Is(n,tp n ) < h(n,ip n ), 
and by dHJ), (HH]), $£7$ and (EOS), we have that 

_™, , r 



x / |^(z)| 2 e-("-^^"=il 2fc l Q ' I dz; 
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see also Li and Xiao [HI (3.68)]. Since h is bounded and J Rd \4>(z)\ 2 dz < oo, (|3.43|) and 
dOH) yield that 

On I ,s n / — m i / iV 



c /"Ti f-n—s 

< / 3 (n,V») < K-^r / e" 5 " s ds / e^udy < 
F n Jo Jo 



for some constant K > 0. Therefore, F n — > oo indicates that 

J 3 (n,Vn)-»-0. (3.45) 

To get the left hand side of (f3T2]) . we substitute (pT37)) , (|3T4T|) and (|3T5|) into ((331) and 
obtain that as n — > oo, 



E (e-<^>)-^exp{^_ / pL (/ ttfdx [ h(t)dt) 2 } 



I Cov((X(s),ip(;s)),(X(t),ip(;t)))dsdt}, (3.46) 



where X is the limit process in Theorem 12. II Therefore (|3.2j) holds and (i) is proved. 

Nowwe are in the place to prove the tightness of {(X n , <f>), n > 1} in C([e, 1],K). Note that 
by the same argument as those used in Bojdccki et al [5], we also have that X n converges to 
X in finite-dimensional distributions. This implies the tightness of {{X n (e), (f>)}. According 
to the proof of Proposition 3.3 in [4], the remainder is to prove that for all <j> G S(R d ), 
£ < ti < t 2 < 1 and i] > 0, there exist constants a > 1, b > and K > 0, which is 
independent of t\,t 2 , such that for all n > 1. 

' 1 (l - Rc(E(exp{^(l > „, #}})) )dw < ^(i 2 - h) 1+ \ (3.47) 

where /i S S(R) is an approximation of l{j 2 }(i) — l{ tl }(£) supported on [£1,^2] such that 
h(t) satisfies 

heS(R), Q<h<l [tlM . (3.48) 

Repeating the discussion on E(exp{ — (X n , ip)}) (see Li and Xiao [331 Section 3]) with ip 
replaced by iuxfrh, we can readily get that 

E(exp{-iuj(X n , 4>h)}) = exp {h(n, iuip n ) + h(n, ioJip n ) + I 3 (n, iuipn)}, 

and the inequality 

Consequently, from the expressions of Ii,I 2 ,I 3 and I\\,I 2 , I3 (see (|3.4[) - (|3.6p , (|3.13p . (|3.38[) 
and p.42p . respectively), it is easy to check that the following inequalities hold. 

|/i(n,iw0 n )| < hi(n,uj^ n ) = Lo 2 I n (n,ip n ); 

\I 2 {n,iojip n )\ < I 2 (n,ojip n ) = u 2 I 2 (n,ip n )] (3.49) 
\Is{n,iojip n )\ < I 3 (n,ojip n ) = u 2 h(n,ip n ). 
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(I) We first estimate the upper bound of In(n,ip n ). Substituting (|3.7[) . (|3.10[) and p. 21) 
into (|3.13j) . we get that for some constant K > 



F 2 



x / e- 5 ^h{ S —^)dv I T u (i){x)T v <t>(x)&x. 

Jo n JR d 

Furthermore, by using (|2.4[) and (|2.7p . we have that 

2Kn 3 r -~- f 1 r u 

hi(n,^ n )<—— \<P(z)\ 2 dz h{u)du h(v) e - nS " {u+v} dv 

b ™ JR d JO Jo 

e n8 n s e -n(u+v-2s)J2t =1 \ z k\" k (\s 

which and the condition (|3.48[) imply that In(n, ip n ) is bounded from above by 
^ / \Hz)\ 2 dz [ t2 du r e-^W^+XUiWVto 

b n JR d Jti Jt x 



.ns 



which is further bounded from above by 
2Kn 2 f |0(z)| 2 



dz c- n5 " u du e -«(«-")EA, = il^l afe du 



Kn f \d(z)\ 2 f t2 c 1 - e - n ("-* 1 )Sfc=i \ z "\" k 
< / 1 1 n dz / c -" d " 11 ^ , du. (3.50) 

Since t-2>t\> e. using the inequality 1 — e _:r < x r for all cc > and r G (0, 1], from (|3.50|) 
we get that 

Kn l+r C \d>( 7W 2 f t2 

hi{n^ n )<—^c- n8 ^ —, m ' sn dz (u-hYdu, 



F n J*' (Et=i\zk\ ak ) 2 - r 4 

for every r G (0,1). Lemma 12.11 implies f„ d d , 9 _ r dz < 00. In addition, n K 5 n — > 

(L^ = l \ Z k I k J" r 

G (0, 00) with k G (0, 1) implies that for all n, — e -™ (5 ™ e are bounded. Consequently, 
there exists a constant K independent of t\ and £2, such that 

/iiK^)<^2-<i| 1+r . (3.51) 

(II) We then proceed to estimate Iiin^n)- Since f n is bounded, applying (|3.7jl . (|3. 10() 
and (|1.2p to (|3.38[) we obtain that for some constant K > 0, 

~h{n^ n )<— e - 5 " s h(-)ds e - s " u h( — )du ^T^dx. 



F 2 

Then by the same arguments as led to (|3.50[) . we have that 
Kn 2 '* a '*» 



F 2 j t 



hMn)<^r e- n5 " s ds e- nS " {u - s) du \${z)\ 2 e- n{u - s) ^=^ k dz 



Kn f \j(z)\ 2 Z"* 2 _^(MEt,lftl'" 



<— / p £J dz e - nd " s (l -e-™^ 2 "^ ^*=il**l *)ds. (3.52) 
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Consequently, repeating the same arguments used to (|3.51[) . we can readily get that for any 
r e (0, 1), there exists a constant K > independent of t\ and t 2 such that 

l2(n,iP n )<K\t 2 -t 1 \ 1+r . (3.53) 

(III) At last, we consider Is(n,ip n ). Since S n — > 0, without loss of generality, we can 
assume S n < 7. Using again (|L2|) . ([377). (|3TT0|) . (f2T4|) and ((27)) to ((3T44|) . from the condition 
(EUSl), we get that for any r € (0, 1), 

/ 3 (n,Vn)<-^ / e- 5 "M S / e-^du / h(^—)h(^—)dv I \j(z)\ 2 dz 



JO JO JO 

\4>{z)\ 2 dz / c _n4 " s ds / c-" 7(tl ~ s) /i(u)du / /i(v)di; 







F 2 

^ / $(z)\ 2 dz [ t2 e- n ^du C dv ["e^'^ds 
F n JR d Jti Jti Jo 

*2 



< ^-./ |^(z)| 2 dz / e-^U-e-"^"-* 1 ^ 



(7 - <5„) 2 F2 7 K d J ti 
< / n 7?2> - nSn£ I \m 2 dz\t 2 - tl \^. (3.54) 

(7 - 6 n yF4 v 

By the same reason as applied to (|3.51|) . for every r S (0,1) there exists a constant K 
independent of t\ and t 2 such that 

/ 3 (n,Vn) < K\h -h\ 1+r . (3.55) 

Summing up, from p.51[) . (|3.53p and (|3.55[) we know that for any r G (0, 1), there is a 
constant K which is independent of t\ , t 2 such that 

|/ 3 (n,»wV>„)| + \I 2 {n,iwip n )\ + |J u (n, iwi/vOI < K{(/>,r)u; 2 \t 2 - h\ 1+r . (3.56) 

Note that 



1 



Re(E(cxp{-iuj(X n ,<f)h}}) 



< \h(n,iujip n )\ + \I 2 (n,iuii() n )\ + \I 3 (n,iuip n )\. (3.57) 
Therefore, QM), (|3"3B1) and (|537| yield that 

(l - Rc(E(exp{- lW (A > „, #)}))) doj < ^§^1*2 - h\ 1+r , 

which completes the proof of (|3.47[) and hence the proof of Theorem 2.1. □ 
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